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On the Minimum Rank of a Generalized Matrix Approximation
Problem in the Maximum Singular Value Norm

Kin Cheong Sou and Anders Rantzer

Abstract— In this paper theoretical results regarding a gen- to (2) is the Frobenius norm. The difference in norm leads
eralized minimum rank matrix approximation problem in the to some ramifications, especially in the way h&wand C
maximum singular value norm are presented. Using the idea of ycrease the minimum rank of (2), as opposed to that of the
projection, the considered problem can be shown to be equiva- . L LN . . .
lent to a classical minimum rank matrix approximation which unre,St”Cted version 'r.] (3). This is to be eXpla'ned_'n detail in
can be solved efficiently using singular value decomposition. In Section 1V-B. Regarding [8], the current paper differs from
addition, as long as the generalized problem is feasible, it is the former in the way the main theorem is proved. In this
shown to have exactly the same optimal objective value as that paper, the main result is obtained with the idea of projection
of the classical problem. Certain comments and extensions of anq simple linear algebra. This provides a new perspective on
the presented theorem are included in the end of the paper. . . . . o

the matrix approximation/completion problem. In addition,
. INTRODUCTION this new perspective leads to a result on a generalization
Letm, n, my, nx be positive integers. Define the following ©f (2) which is not obvious to obtain using the result in
three matrices and assume that [8]. This extension is explained in detail in Section IV-C.
mxn iy e xn The rest of this paper is organized as follows. In Section
AER™T, BeR , CER Il some background materials necessary to the development
m>my andB has full column rank (1) of the paper are described. Then in Section Il the main
n>nx andC has full row rank result of this paper is presented. After that, in Section IV
This paper is concerned with the following generalizedelevant comments and extensions to the main theorem will
minimum rank matrix approximation problem. be discussed.

mini)gnize rank(X)
subject to ||A+BXC], 2 T (A+BXC) < 1
This is a generalization of the following classical problem.A Notations

(2) 1. NOTATIONS AND BACKGROUND

minimize rank(X) To describe the main result, it is necessary to introduce the

X (3)  following SVD computable terms related to the data matrices
B andC. Denote the rectangular or “economy size” SVD of

for any data matrixM, which plays the role ofA in (2). B andC as

In the subsequent discussion, (3) will also be referred to

as the unrestricted version of (2). As it will be described B=UsSsVe' s.t. UgeR™™ UgTUp = Im,

in Section I1-B, the classical problem in (3) can be solved Sg € R™*™ diagonal 4

efficiently using singular value decomposition (SVD) due Vg € R™ <™, VgTVg = lmy

to the theorem of Eckart-Young-Mirsky. However, it is not

immediately obvious whether the generalized version in (2) C=UcSVe" st Uc e R UcTUc = Ing

is efficiently solvable or not because of the dimension8 of S € R™*™x diagonal (5)

andC assumed in (1). This question will be answered by the Ve € RP™ Ve TVe = I,

main theorem in this paper.

The problem in (2) has roots in both the linear algebra ankh addition, defineNg andN¢ as orthonormal basis matrices
control system communities. On one hand, (2) is one of tHer the kernels ofJg™ in (4) and\Vc" in (5), respectively.
many generalizations of (3) (e.g. [1], [2], [3], [4], [5]). On
the other hand, (2) is closely related to the subject of matrix Ng € R™(M-m)  NgTNg =1, Ug'Ng=0
completion and the Parrott’s Theorem with applications to Ne € R NeTNe =1, Vc'Ne=0
the optimal 7%, control problem (e.g. [6], [7], [8]). Out of
the many previous results, the current paper resembles [§ptice from (4), (5), (6) that the matricefNs Ug] and
and [8] (Theorem 2.22 p.42) the most. The main differencéNc  Vc| are unitary (i.e. they are square, and the transposes
between [5] and the current paper is that in the formere their inverses, respectively). Therefore, it holds that
case the norm in the optimization problem corresponding

T

Th h ith the D f A ic C I, Lund Uni NBNBT+UBUBT B [NB UB] [NB UB] =
e authors are with the Department o utomatic Control, Lun ni- T T _ T _

versity, Lund, Swedern{kcsou, rant zer }@ontrol .| th. se NeNe™ +VeVe' = [NC VC] [NC VC] = In

subjectto |[M+X|, <1

(6)
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B. Classical low rank matrix approximation via SVD Therefore, it holds that
For any matrix M of rank r and an integek > 0, the min [M1 M2]+[-M1 X,
following operation is important for the solutions of the X |rank([—M1 o)<k

matrix approximation problems in this paper. Let the SVD _ “(pM2+pLM2) - (PM2+ [PM2], )
of M beM =y uigv;', wherey; andv; are the left and 1

S 21 _ Ok—qp+1 (P+M2)
right singular vectors and; > 0 are the descending singular
values ofM. Then the rankk truncation ofM, denoted as Any k which renders the above expression less than one is a

;

[M],, is defined as lower bound of the attainable minimum rank in (9). There-
fore, the maximum lower bound, denotedlds satisfies the
M K>r condition thatk* — g1 + 1 is the index of the largest singular
k value of P-M, which is less than one. In other words, the
M]=q Y uovim 1<k<r (8)  minimum rank of (9) i* = g1 +r2* wherer,* is the singular
IO:1 k=0 value excess dP-Ms,. Finally, substituting* = gy +r,* into

(11) gives rise to the solution in (10).

Obviously, the rankk truncation ofM has rankk if k<r. 1T

The solution to the classical problem in (3) is provided by o MAIN RESLLT
the theorem by Eckart-Young-Mirsky (e.g. [9]). In particular, . Before the main resuIF can .be present.ed, a (knowp) pre-
the attainable minimum rank is the number of singular valué inary Iemma is described f'YSt to provide the conditions
of M which are greater than or equal to one. This numb pr the main theorem to be valid.

will be referred to as thesingular value excess of M for A  preliminary
the rest of the paper (for any matri). In addition, if the Lemma 1: Let Ac R™N B e R™M, C e R%*N satisfy

gl)nlcrgﬁrgera:)nblf[;isnggng*etiaj,'\;r}en an optimal solution to the assumptions in (1). In addition, let the matritks Sg,
o e Vg be defined in (4)Uc, &, Vc be defined in (5) andNg,

] ) ) ) Nc be defined in (6). Then there exists a mabix R™*"x
C. A constrained version of (3) with known solution

such that

For any matrixM = [M;  M,] whereM; € RPX%, M, € [A+BXC|, =0 (A+BXC) <1 (12)

RP*% such thatM; has full column rank (=g), consider if and only if

the problem of
NeTA|l, <1 and [[ANc|, <1 13
min)i(mize rank([-M1 %)) o I [# |ANG||» (13)
2

subject to |[[M1 Mz]+[-M1 Xo]||, <1 O

Proof: The statement is a corollary of the Parrott's
The above problem can be interpreted as (3) with th®&heorem. See, for example, [8] (Corollary 2.24 p. 43)m
modification that the first columns oK are required to .
be the negative of the corresponding columndvbfwhile B Main result
not explicitly mentioned, [1] provides a solution to (9). In Theorem 1: Let the data matrices be defined in the state-

particular, denote ment of Lemma 1. If (13) is true (i.e. (12) is feasible), then
. the following three statements are true.
My = U131¥1 as the SVD ofM; (a) The inequality in (12) is_equivalent to the following
PM2 = UUi'M; asM; projected onZ(Uy) inequality with a new unknowiX.
PLM, = M,—PM, as the complement d®M, ..
r,* = the singular value excess Bf-M, [A+X], <1 (14)
Then the attainable minimum rank in (9)ds+r,*, and an WhereA & R and
; i . 5 1 1
optimal solution can be obtained as A 2 (UsTAcUs) 2UsTAcAV (Vo' DeVe)2
As 2 (In—ATNgNgTA) -0 (15)
X3 =—(PM2+ |P*M 10 _
2 ( 2+ [ 2} rz*) (10) Ac 2 (Im—ANCNCTAT) vo
To see the assertion, note that by [1], for dny qs The equivalence means that there is a one-to-one correspon-
dence between the feasible solutioh# (12) andX in (14).
_ (pMzJr [PJ'MZL( ) The correspondence and its inverse are defined by
—a1
1 _1
= argmin M2 M)+ [-M1 %], X = VS (UBTlACUB) 2X (VcThg\e) ZlSc*1UCT
X rank([—M1 Xp]) <k X = (Us"AcUs)? SsVe"XUcSt (Ve aVe)?
(11) (16)

228



Proceedings of the 19th International Symposium on Mathematical Theory of Networks and Systems — MTNS 2010« 5-9 July, 2010 - Budapest, Hungary

(b) The following generalized minimum rank matrix ap-with

proximationproblem (a copy of (2) in Section I) A 2 (AC)%AVC
minimize rank(X) B £ (Ac)?B (23)
X 17) X 2 XUcS

subject to ||[A+BXC|, <1
o ) ) ) To summarize the progress so far, with the assumption in
which is feasible because of (13), is equivalent to (13), the inequality in (12) is shown to be equivalent to
minimize rank()v() (22) in terms ofA, B and X defined in (23). Note that
(18)  the corresponding matrix in (22) is now an identity. In
addition, X and X are one-to-one correspondent because
in the sense that the minimizers of the two optimizationdcS: is invertible. The next step in the proof is to apply
problems are one-to-one correspondent, and that the mitlie above idea again to arrive at an expression in which the
mum ranks of the two problems are the same. In additiomprresponding “B” matrix will also be an identity. However,

X
subject to [|A+X|, <1

an optimal solution to (17) can be obtained as before this second step certain notations need to be intro-
1. duced first.
X = VSt (UBlTACUB) 2 [A; (19) SinceB is assumed to have full column rang,in (23)
(VcThgVe) 2 & 1UcT also has full column rank. Therefore, the SVDBfcan be
where¥ is the singular value excess Af(i.e. the number of WritEen as
singular values of\ which are greater than or equal to one), = UESBVET st UgeR™M™, UETUE = Imy

Ss € R™ <™ diagonal (24)

and [A]. is the rankr truncation ofA as described in (8) in
Sect[io}nr II-B. Vg € R VgTVg = I
(c) The attainable minimum rank in (17) is the singularAlso, defineNg as an orthonormal basis matrix for the kernel
value excess OA. O ofUg" as
Proof: Proof of (a): The general idea of the proof is Ng € R™(m-m)  NsTNg—1, UsTNg=0 (25)

that (12) will be shown, successively, to be equivalent to
some intermediate inequalities until (14) is finally reachedt can also be verified the{NB U,g} is a unitary matrix and
To begin, note that because MéNc"™ +VeVe" =1 from (7),  therefore the following holds.
inequality (12) is equivalent to T
NgNg™ +UgUs" = [Ns Ug] [Ns Ug] =1 (26)

T T 2
IA(NeNe™ +VeVe ') +BXC[, < 1 Now the proof of the equivalence between (12) and (14)
Then by the definition of the maximum singular value, th&an be resumed, with the starting point being (22). From (26)

above inequality is equivalent to it can be seen that (22) is equivalent to
5 =2
((AVCVCT +BXC) —|—ANCNCT) | (NgNs" +UgUsT)A+BX||> < 1
((AVchT +BXC) +AN¢NCT>T < Again, by the definition of the maximum singular value, the
above inequality is equivalent to
Using the identitiesNc"Ne =1, Vc"Nec = 0 and CN¢e = T o T
UcScVe"Ne = 0 (cf. (6), (5)), the above inequality becomes ((Uéué A+ BX) +NgNz A)
(ARVCT +BXC)(ALVCT +BXC)T < 1 — ANGNCTAT ((UéUéTA+ BX) + NéNéTA> < |

= (o) (20) USINgNs"Ng =1, Us"Ng = 0 andB"Ng = VS5 "Us"Ng =0
where the last equality is due to (15), adg¢ can be (cf. (24) and (25)), the above inequality is equivalent to
legitimately defined as a positive-definite matrix because of
the assumptlon in (13). Multiplying both sides of (20) with

(AC)Z andexpandingC asC = UcS VT, (20) becomes It can be shown (in the Appendix) that, under the assumption
in (13), the terml —ATNgNg"A in the right-hand-side of

(UgusTA+ EE)”()T (UgUsTA+BX) <1 - ATNgNgTA (27)

((AC)%AVCVCT +(Ac)§BXUCSCVcT) (27) is positive-definite, and its inverse, denotedAgscan
1 1 T (21)  Dbe described by the “non-tilde” matrices as
((Ac)zAvcch+(AC)§BXUCSCVCT) < o .
D2 (I1-ATNgNgTA) " =VcTAgVe = 0 (28)
Using the relationshipfe"Ve =1, (21) is equivalent to

Then, multiplying both sides of (27) Wlth)z andexpand-
H )EAC -+ ( )szuCSCHZ <1 ing B asB = UsSVis", (27) becomes
)T

|A+BX||, <1 22) (UsUsTABg)? +UsSiVs R (8g)E) < |

NI

and with simplifying notations, the above expression can be (UBUBTA( )2 +UBSBVBTX( 5)

written as (29)
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Using the relationshiys"Ug = I, (29) is equivalent to (18). The latter value, by the classical result in Section 1I-B,
is the singular value excess &f To complete the proof of

) <1 (30) item (c), it remains to show that the singular value excesses

. of A andA are the same. Alternatively, dendtéM)~ as the

At this point, since bott§Vs' and (Ag)2 areinvertible, it number of non-positive eigenvalues of any matkxwith

is possible to apply a change of variable= SéVng((A,g)% real eigenvalues only, then the desired statement to prove is

to arrive at an inequality in the form of (14). However, to SXT\ T\

obtain (14) withA and X represented by the original, “non- k(I =AAT)" =k(I -AAT) (32)

tilde” terms as in (15). The following expressions (proved ifThis proof is developed in two steps. The first step is

|Ua"A2g)? + SaVaTR (2g)

the Appendix) are needed. k(I —ATA)~
1 _1 = k(I =VcTATACAY
Us = (Ac)?Us (UBTAfUB) ‘Q = kE| —A\C/CVCTAETAS
SVe' = QT(Us'AcUp)*SVa' (31) = k(((Ac) ™~ AVCTAT)AC) -
Ng = (&)7%NB (NBT(AC)ilNB)_? o)} i E((I ﬁgﬁbl\bT —I—VCVCT)AT)AC),
whereQ andQ; areunitary matrices whose exact forms are = K- 1 Jhc)

_ _AAT 1\
irrelevant to the discussion in here. Using all the expressions = kl&e)z(1-AAT)(Ac)?)
of the “tilde” quantities in (31), (23) and (28), inequality (30)In the above derivation, the first equality is due to the

can be written as definition of A in (23). The second equality is due to the
1 1 fact that the sets of nonzero eigenvaluesVef ATAcA:
‘ Q" (UEAcUg) 2US AcAL (VI AsVe) 2 and AV TATA: are the same. The fourth equality is due
N N to the definition ofAc in (15). The fifth equality is due to
+ QT (UsTAcUg) ? S5VBT XUc s (Ve TAsVe) 2 || <1 the identity NoNc' +Vc\Ve™ = | in (7). The last equality
2 is due to the fact that eigenvalues are preserved under

with Q being a unspecified unitary matrix. However, sincesimilarity transforms. In fact, the above equalities hold even
the matrix 2-norm is unitarily invariant, the above inequalityif the “number” is replaced with the “set” of non-positive

is equivalent to the following one without th@ matrix. eigenvalues. Next, by the Sylvester’s law of inertia (e.g. [9],
B 1 p.223) k(I —AAT)~ =k((Ac)Z (I —AAT)(Ac)2)~. Therefore,
H (USAcUg) 2Ug AcA: (VI Ag\c) 2 it has been established that
A k(1 — AAT)™ = K((Ac) 2 (1 — AAT)(Ac)2)~ = k(1 —ATA)"
1 1
+ (Us"AcUg) 2 SeVe"XUcSe (VeTAsVe) 2 || <1 (33)
( B fc B) Ve CSC( ¢ C) 2 This concludes the first step of the proof connectigvith
=X A. The second step, connectidgwith A, can be proved in
Thisis the same as (14) with defined in (15) ani defined Similar fashions. In particular,
in (16). Finlally, the first line in (16) is true because both k(I —AAT)

1
(UsTAcUs)? SeVs™ andUcSe (VeTAsVe) ? areinvertible. | —Ug" AngATUg)
Proof of (b): The equivalence between (12) and (14)
establishes that the feasible solutions of the two optimization = k(((ag)* ATU sUs" A)Dg) -

k(
(
(
problems (17) and (18) are one-to-one correspondent. To (( —AT(NBNBT+UBUB JA)Dg) ™
(
(

| —ATU Bu 5] Alg)

k
k
k
k

complete the proof that (17) and (18) are equivalent opti- (I —ATA)Ag)~
mization problems, it remains to show that the corresponding = k(4 )1(I —ATA) (05 )%)*

feasible solutions have the same objective value (i.e. ranlﬂ1 the above derivation, the first equality is due to the
This is true, because in (16) bO("JJBTAcUB) SVe" and  definition of A in (15). The second equality is due to

UcSe (VCTABVC)j are invertible. Therefore, (17) and (18) the fact that the nonzero eigenvaluestf’ AAsATUs and

are equivalent. Next, since (18) is a classical problem in th& UsUs" Alg are the same. The fourth equality is due to
form of (3) in Section II-B, its optimal rank, denoted gs ~ the definition ofAg in (28). The fifth equality is due to the

is the singular value excess @ In addition, an optimal identity NgNg" +UgUg" =1 in (26). The last equality is due
solution to (18) is— [A]F as the rankr “truncation of A 1o the fact that eigenvalues are preserved under similarity
described in Section II-B. Finally, applying the relationshigransforms. Next, again by the Sylvester's law of inertia
in (16), it can be seen that an optimal solution to (17) is k(I —ATA)~ =k((Ag)2 (l —ATA)(Ag)2)~. Hence,

1 _ T AT A _ - _ AATY—
X" = ~VeSs ! (UsTAcUs) # [A], (Ve aeve) o tugT K1 -ATA —K(8g)3(1 - ATA)(8g)%)” k(I -~ AA »
This is the same aX* in (19). Finally, combining (33) and (34) leads to (32). This con-
Proof of (c): As it was argued in the proof of (b), the cludes the proof.
optimal rank in (17) is the same as that of its equivalence ]
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IV. COMMENTS AND EXTENSIONS forl<k<k=£ min{my,nx } + 1. Before any result can be
A. General comments shown, however, the procedures for solving (35) and (36)
should be described first. To numerically solve (35), the

As it was mentioned in the proof, the important conse: llowing family of problems are solved using (19) in the
guence of the equivalence between the inequalities in (1 9 y orp 9
esented theorem.

and (14) is that the apparently difficult optimization problen4O
in (17) can be reduced into the unrestricted classical problem Ka(y) £ minimize rank(X)
in (18), to which the optimal solution is readily available. X

The presented theorem also applies to the situation of

||A+BXC]J|, < y for any y > 0 because the former is true wherey is from a grid betwee 2 max{ [NsT A, [|ANc||2}

if and only if ||y *A+B(y tX)C|, < 1. e ) )
There is parallel version of the presented result. In parqndy_ IAll2- Then a plot ofka(y) in (37) can be obtained

. i . . ) ... showing the minimum rank as a function pfHowever, this
ticular, in the proof of item (a) instead of first projecting : . : :
T . ) . “function can be inverted (i.e. the plot can be rotated) to obtain

A' on the column space & (by applying the relationship . :

T T N . ; a plot of J;(k) in (35). As for (36), [5] provides a formula for
NeNc' +VeVe' =1 to (12)), it is possible to projech on . ;

. o L the solution, and hence a plot &f (k) can also be obtained.

the column space df)c first. This will result in different In the numerical experiment, two triplets of da#u, By,C1)
expressions ofA and X. However, the new inequality and P ’ P b

AN . ~ oo 4 and (Az,B,,Cy) are randomly generated such that= Ay,
optimization proplem with the new andX. YVI|| be equiva By £ By, C;  C,. For each triplet of data (35) and (36) are
lent to the ones in (14) and (18). In addition, the minimum : = ;

L . : solved with 1< k < k. Then the corresponding(k) and
rank result in item (c) will remain the same.

In fact, the Parrott's Theorem (e.g. [8] Theorem 2.22, p.4 (k) plots are obtained (four plots in total). The plots with

also contains a complete characterization of the set of all 2 ﬁ;gg;nr:iS:?’]isrrgrsazzgvgénsrlfcl)%\}nli’nwlgIle ;he plots with
satisfying (12). There is even a generalized Parrott’s Theore% . 9.2
Fig. 1 shows thd,(k) plots for the two data sets (in circles

[10] providing a characterization which is amenable to an . ) : . :
additional rank constraint iX (in the spirit of the rank min- anql _trlangles) n th_e 2-norm _settmg. The_ figure numerically
imization problem in (17)). However, the characterizations b%?”f'es the analysis result in the previous paragraph. In

37
subject to ||y *A+B(y X)C|, <1 37

the (generalized) Parrott's Theorem do not lend themselv 3”'0,::'?“ L(Iagardless.of :_he value .bfl(or theb ranlé ng)’
easily to the type of conclusion that is described in item (c € attainable approximation error is lower boundedyby

of the presented theorem. max{[[Ns" A2, ||ANc||2}. Alternatively, both ||y *NgTA||
and ||y *ANc||2 should be less than one as specified by

B. Comparing the minimum ranks in the 2-norm and Frobe- | emma 1. On the other hand, for smaller values kof
NIUS norm cases (e.g.k < 8 in the circle case), the attainable approximation
It is intuitive that in (17)B and C (with the assumed error is unaffected byB and C, and is the same as the

dimensions in (1)) should increase the attainable minimurfilecreasingly) ordered singular valuefotthe crosses). This
rank, as opposed to the unrestricted case in (3). The questigrin accordance with item (c) in the presented theorem. Fig.
of how restrictive B and C can be is answered by the 2, on the other hand, shows tfie(k) plots for the two data
presented theorem as follows. Lemma 1 states Ehand sets (in circles and triangles) in the Frobenius norm setting.
C can render (17) infeasible. However, once (17) is feasibl€ontrary to the 2-norm case, the attainable approximation
item (c) states that the attainable minimum rank of (17) ierror in Fig. 2 depends oB and C except whenk = 1
independent oB andC, and it is exactly the same as that(i.e. X is a zero matrix), and is different from the error in
of the unrestricted problem in (3), being the singular valu¢he corresponding unrestricted case (in whigtand C are
excess of\. By the expression of the optimal solution in (19),identity matrices). It is not known if the approximation error
it is noted that the minimum rank is also the singular valuéas any simple relationship with B, andC as in the 2-norm
excess ofA in (18). However, in most cases, a statement igase, and no such result is reported in [5].
terms of A would be more useful becaugeis part of the
original problem data buf is not. C. A constrained version of (17)
To numerically demonstrate the analysis result in the pre- the presented theorem also provides the solution to the
vious paragraph, and to compare the 2-norm related resultsfgnowing constrained version of (17).
this paper with similar Frobenius norm related results in [5],
an experiment will be described. L&t B andC be defined minimize rank([M1  Xz])
in (1) and consider the following two families of problems, subject to ||[A+B[M1 Xp|C||, <1
parameterized by an integkr
LK) 2 minimize |A+ BXC|, WhereM1 € R™M™1 X, ¢ R™MNx2 gand ny = n><1+. ny2. The
X (35) only difference between (38) and (17) is that in the former
problem the first columns of the decision variabk¢” “are
and L constrained to b#1;, a pre-specified matrix. In the following
Jr (K) minimize IA+BXC]|¢ 36) discussion itis assumed that the dg#aB, C, My) are chosen
subject to rankX) < k so that (38) is feasible.

(38)

subject to  rankX) < k

(1>
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Approximation in 2 norm
T

o ‘ ‘ ‘ ‘ Then (38) becomes

minimize rank([M1  Xg])

2

o subject to [|(A+BM;C;) +BXCy|, < 1
The above problem can be re-written as

2
4

minimize rank([My X])
) 7 i (M (39)
subject to ||A+BXC||, <1

||A+B*X*C||
T
|
T
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

with A= A+BM;C;, B=B, € =C, and X = X,. The
constraint in (39) has the same form as the inequality in (12).

i 1 Under the feasibility assumption, this constraint is equivalent
0 to (14) as specified by item (a) in the presented theorem.
0 2 4 6 8 10 12 14 . . .
K (with rank(X) < k) Therefore, the problem in (39) is equivalent to
Fig. 1. The optimal 2-norm approximation errats(k) asfunctions ofk minimize rank( [Ml H_)V(PR])
in (35) for two sets of problem data. Blue circles (with vertical linek): X .. (40)
with data(A;, B,C1). Blue horizontal dashed line: lowest attainabjewith subject to HA—|— X||2 <1

data(Aq1,B1,Cy1), regardless of the rank of. Black triangles:J, with data

(A2,B2,Cy). Black horizontal dash-dotted line: lowest attainabjewith with A’ )Z, R, Pk, ana|ogous to the case in (15)’ defined as
data(Ag, B2,Cy), regardless of the rank of. Red crosses: ordered singular

values ofA; = Ay. The ordered singular values #f are the errors in the . 1 - %
unrestricted case in whicB; andC; are identity matrices. In the 2-norm A 2 (UITA~Uz) 2UTA=AVA (VIA~V~)
case, the attainable error Ifor smlaller(e.g. k < 8 in the circle case) is ( BAC B) BAC 1 c\'¢TB’C
independent oB andC and is the same as that in the unrestricted case. L S (T A=) 2
The only effect ofB andC is the cutoff in the attainable error for larglker R VBSB (UB 1ACUB) (41)
(e.g.k > 8 in the circle case). R £ (VCTAéVé) T2 %71U(§T
. Approx‘imation in ‘F norm )2 é (H_)fl)Z(PR)fl
A i In the above expressions, the terms sucbasd/s andAg are
18 e B
.l L | defined by the “non-tilde” formulas in (4), (5), (6) and (15),
b with the rule that the “tildes” are ignored. Since multiplying
14r 2 A 1 invertible matrices does not change the rank of the matrix in
12} 8 1 the objective function, the problem in (40) is equivalent to
£ o 2 I 0
EE [ A ) e _1 >
£ O U O I S -E SO | minimize rank((PL) M1 AXPY] [O (PR)lb
6F |-~~~ 1-1-FT-%"1t-%-¢ subject to [|A+X|, <1
4 1 which is also equivalent to
[ | minimize rank([(R.)"!M; X])
% 2 4 6 8 10 12 14 _X . 1 .«
K (with rank(x) < k) subject to ||[—(RL) "Mz A]+[(R) M X]H2< 1

Fig. 2. The optimal Frobenius norm approximation errdegk) as  This problem is in the same form as (9), and hence the
functions of k in (36) for two sets of problem data. Blue circles (with

vertical lines):Jx with data(Aq,Bs,C1). Blue horizontal dashed line: lowest solution expression in (10) can be applled. Once a solution

attainableJs with data (A;,B,C;), regardless of the rank ok. Black ~ X* is found, the expression from (41) can be used to find an
triangles:Je with data(Az, B2,Cy). Black horizontal dash-dotted line: lowest optimal solution to (38) a¥,* = H_)V(*H?-

attainableJs with data(Az,By,Cy), regardless of the rank of. Red crosses:

the squared-roots of the cumulative sum of squares of the ordered singufgr ; ivsati
values ofA; = Ay. These quantities ofy are the errors in the unrestricted ’9 QlStem theoretic motivating a(amr)les

case in whichg; andG; are identity matrices. In the Frobenius norm case, The results in this paper have system theoretic motivations.

the effect ofB andC is not as simple as in the 2-norm caBeandC affect |, [11], [12] the following scenario is considered. A to-

the attainable error for all values &fexceptk =1 (whenX = 0). ! . . . . , o .
be-designed linear time-invariant system is described by its
state-space matrices(L), B(L), C(L) and D(L) which are

The approach to solve (38) is to use the equivalenc@cﬁne functions of the decision matrix. Particular to the
between (12) and (14) to reduce (38) into (9) in Sectiofcenario, the system matrices can be organized into
[I-C. Then the formula for the optimal solution in (10) A(L) B(L)
can be applied. To begin, first partitidh according to the c(L) D(L)| = o+ GolHo (42)

dimensions oMy andX; as where Fyp, Gp and Hg can be computed from the data.

Typically, Gg has full column rank andfy has full row rank

_ Cl H Nyx1XnN Nx2 XN
€= [Cz] » with CLeR » GER (cf. (1)). For performance and stability, it is desirable that the
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system matrices satisfy the following (bounded-real lemmaecomes available for (17). In addition, it has been shown
type) inequality. that the optimal objective value of (17) degrades (relative to
T the unrestricted problem in (3)) in a particularly simple way
[QEB gétﬂ Fé lol] {QEB g((t))} < [)é 3] (43) with respect to the problem data — the minimum rank is the
y same as that of the unrestricted problem except that there
wherey > 0 is some pre-specified scalar constant Xnd 0 is a cutoff type lower bound. No analogous result is known
is, for the moment, a given matrix. Squared-root factorizing in a similar Frobenius norm case. Finally, the equivalence

andX and using (42), the inequality in (43) can be re-writterbetween (12) and (14) also enables the efficient solution

as procedure for the more general optimization problem in (38),
|IF+GLH|,<1 (44) by reducing it to a case solvable with the result in [1].
with L L
F 2 lxoz 10|] Fo lxoz PI] ACKNOWLEDGEMENT
VY VY
G 2 Xz 0 G (45) The authors would like to thank Prof. Alexandre Megretski
o 0 %,I 0 and Dr. Ahmed El-Shaer for pointing out the connection of
1 presented results with the Parrott’s Theorem.
A X"z 0
H = Ho 0 i
VY

Note that (44) is in the same form as (12). In addition, to APPENDIX

reduce the complexity of the system it is also desirable to

have the rank of minimized. Therefore, the system theoreticA. Proof of the expression in (28)

problem of finding a minimum rank satisfying (44) is the

same as prob|em (17) Item (b) in the presented theoremee 0Ut|ine~ of the prOOf is as follows. First it is shown that

provides an optimal solution to the problem. | —ATNgNz"A is invertible. Then from its inverse, it can be
If X = 0 is also a decision variable, then the above problefseen that —ATNzNs' Ais positive-definite. The invertibility

becomes the following. FinX > 0 such that the minimum is shown by the following arguments.

rank ofL satisfying (44) is minimized. A convenient problem

description is provided by item (c) in the presented theorem, det(l —ATNENQTA)
which _sta’Fes that the_ s_in_gular va!ue excesd-oih _(45) _is _ det(l _VCTATNB(NBT (Ac)’lNB)leBTAVc>
the objective to be minimized. Using the expressior-ah .
(45), it can be verified [12] that the singular value excess of = det(l — (Ng"(Ac) Ns) NBTAVCVCTATNB>
F is the minimum objective value of the following problem. det((N T(Ac)-IN )—1>
= B B :
mlr;(lgnze rank(Y) det(NBT ((Ac)71 —AVCVCTAT) NB)
. X 0 X 0 — T(Ac) INg) 1) -
subject to Y = Fy [0 1|] Fo— [0 yl] (46) det((NE (Ac) NB)T 2 .
y det(Na" (I —ANcNcTAT — A/cVeTAT) Ni)
Y0 = det( (Ns"(Ac) INg) ) det(l — NgT AATNg)
While the above optimization is a difficult rank minimization - 0 -1 - -
problem (in particular, not the type of (17)), a common  — det{ (N’ (Ac)""Ng) ) det(l —ATNgNg' A)
heuristics to obtain a (usually good) sub-optimal solution = det (NBT(AC)—lNB)’l det((Ag) 1)

is to solve a modified version of (46) in which the objective
function rankY) is replaced by trac&(). The modification

'S <";1.sem|def|.n|te.opt|m|zat|'on problem, which can be splvgfin the above derivation, the first equality is due to the defini-
efficiently using interior-point methods [13]. Once again, 'ttion of Ain (23) and the expression b in (31). The second
is emphasized that without item (c), neither (46) nor its '

e . equality is due to the fact that dét- XY) = det( —YX)
semidefinite modification could be formulated. for any two matricesX andY of suitable dimensions. The

V. CONCLUSION third equality is because d&tY) = det(X)det(Y) for any two
Using simple linear algebra and projection ideas, it haduare matriceX andY. The fourth equality is due to the
been shown that, under feasibility assumption, the 2-norfigfinition ofAc in (15). The fifth equality is due to (7). The
related inequality in (12) is equivalent to its “classical’/ast equality is by the definition g in (15). Finally, the
version in (14). As a corollary of the above equivalence, thiSt inequality is true because by (183 - 0, Ac - 0 and by
generalized minimum rank matrix approximation problem ifléfinition Ng has full rank. Altogether, it is established that
(17) has also been shown to be equivalent to the classidar ATNsNgT A in the right-hand-side of (27) is invertible.
problem in (18). Hence, an efficient solution procedure Next, (I —ATNéNéTA)_l will be shown to bevc"AgVe,
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as in (28). The argument is as follows. This is the same as the second line in (31).

(I 7ATN|§N§TA)71 Finally, to show the third line of (31), notice from (25)

L and (49) that
T AT T AN -ING) NG T
(' Ve ATNg(Ns' (Ac)~"Ne) "Ns AVC) ) Us"Ng = QT (UgT AcUg) " 2UsT (Ac) 2N = 0
| —VeTATNg (Ng " (AVeVcAT— (Ac) 1)Ng) "NgT Avc - R
| —VeTATNg (NgT (AAT —I)NB)*lNBTAVC The fact thatQ' (Ug AcUg) ™2 is invertible implies that
Ve (1= ATNg (NgTAATNG 1) "NgTA) Ve UgT (Ac)ENg =0
-1
Ve  (1—=ATNgNgTA) Ve This means that(Ac)%Ng is in the kernel ofUgT, which
Ve AsVe is characterized by its basis matig (cf. (6)). Hence, the

In the above derivation, the first equality is due to théPove equality implies that there exists a square matix
definition of A in (23) and the expression f; in (31). The IS Square becaudds andNg have the same dimension) such
second equality is due to the matrix inversion lemma [14?1at

(R+PSQ) ! = R —RIP(S1+QRIP) 'QR L, with
R=1, P=VcTATNg, S= —(Na"(Ac) Ng) * and Q =
Ng" A/c. The third equality to due to the definition A& in
(15) and the identitWcVc " +NcNc™ =1 in (7). The fourth
equality is by the fact thatc"Ve =1 andNg"Ng = 1. The

N = (Ac) ZNgY (50)

Also, by definition N5 is an orthonormal matrix. Therefore,

N3"Ns=YTNg" (Ac) INgY =

Since(Ns" (Ac)~INg)? is a square matrix, the above identity

fifth equality is again due to the matrix inversion lemmajmplies that there exists a unitary mati@ such that

Finally, the last equality is due to the definition Af in
(15). Since by (13)Ag > 0 andV\¢ has full column rank,
(1 —ATNgNgTA) " = VeTAg\e > 0 is shown,

B. Proof of the expressions in (31)

To show the first line of (31), notice from (24), (23) and
(4) that the SVD ofB can be written as

B=UsSVa' = (Ac)?UsSeVe” = (Ac)?B  (47)

SinceSsVi" is invertible, the second equality above implies
thatUg has the form

Ug = (Ac)?UgP (48)

with P beingan invertible matrix. By the definition of SVD,
Ug is an orthonormal matrix, hence it holds that

Us'Us = PTUg" AcUgP = |

(1]
(2]
(3]
(4]

Since (UBTACUB)%P is a square matrix, the above equality [5]
implies that there exists a unitary mat@ such that

P= (Us"AcUs) £Q ol
Substitutingthe above expression into (48)g becomes
1 1 [7]
Ugs = (Ac)2Us(Us"AcUs)2Q (49)
This is the same expression as the first line in (31). [8]

To show the second line of (31), substitute the expression
of Ug in (49) into (47), then the second equality implies that!

(180)}us) ((UsTacts) Hossws” ~svT) <0

Since (Ac)%UB has full column rank, the above equality
implies that

(Us"AcUp) 2QSsVs" — SeVe' =0
Alternatively, it holds that
SV = QT(UBTACuB)%SBVBT

(12]

(23]

[14]
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Y = (Ns" (Ac)INg)"2Q,

n Substitutingthe above expression of into (50) yields

Ng = (Ac) 2Ng(Na" (Ac) *Ng) 2Q;

This is the same expression as the third line in (31). B
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