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On the Geometry and Deformation of Switching Manifolds for
Autonomous Hybrid Systems

Farzin Taringoo and Peter E. Caines

Abstract— This paper provides a geometrical analysis of Il. HYBRID SYSTEMS
autonomous hybrid optimal control systems (HOCS) by study- . .
ing the properties of switching manifolds in Euclidean space  1he standard hybrid systems framework [2], [3], [9] is as
and their associated optimal hybrid trajectories. Motivational ~ follows:
examples are to be found in the speed dependent operation of

automatic gear shift systems of heavy trucks [1]. In this paper pefinition 2.1 A hybrid systems is a six tuple
the mathematical formulation of a hybrid system is presented '

and then the Hybrid Maximum Principle (HMP) necessary o _ n+1 _

conditions for the optimality of a hybrid system trajectory H={H=QxR"™ IAI=%xUFM; (1)
are given, (see [6],[7]). Second order optimality conditions are satisfying:
X h ; . . g:

given in terms of the Hessian matrix of the value function ) . - .

and geometrical data involving the curvature of the switching A0: @ ={1,2,3,...,|Q[} is the finite set ofliscrete states

manifold at its intersection with an optimal trajectory. At the ~ H is thehybrid state spacef H.
end, the energy of a switching manifold deformation mapping T': H x ¥ — @ is the time independent (partially defined)
is defined and the hybrid_ cost opti_mization is performed with  {jscrete transition map
respect to such deformation mappings. A: @Q — 29 is the set valued functiowhich for a state
q € @ makes transition intA(¢) C @ underT.
I. INTRODUCTION Y =¥, U U{id} is afinite set of distinct autonomous (i.e.
uncontrolled) and controlledliscrete event transition labels

The problem of hybrid systems optimal control (HSOC)FXtended with the identity elemefitd} such that fori € @,
has been studied and analyzed in many papers, see e.g 2} € = onlyif j € AG@).
[4], [5], [9], [10], [11]. In particular, [5], [12] present an U C R" is theset of admissible input control \{algemh_ere
extension of the Maximum Principle for hybrid systemd’ IS @n open bounded set fa“. The set of admissible input
(HMP) and [5] presents an iterative algorithm which jscontrol functions ist/ := U(U, L[0, 7)), the set of all
based upon the HMP necessary conditions for optimaligp®Unded measurable functions on some intefua.), T.. <
That algorithm is based on a gradient search method fgp: faking values inl/. _
finding the optimal switching state and time on the switchind ‘= > % U is theset of system input values
manifold. The HMP algorithm presented in [5] is a generaf IS theindexed collection of vector fields’; } ;e such that
method, implementable for both autonomous and controlles : 7" x U — R"*! is a uniform Lipschitz vector field
hybrid systems. One important aspect of the optimal contr§SSigned to each location.
for autonomous hybrid systems is the cost minimizatio/e assume there exisfs; < oo such thatnaz;eqsupuev
problem with respect to the switching state on the switcHlfj(Ov“)UkS Kpuel,jeq. ) _ _
ing manifold, see [5]. This problem is addressed in [}/ = {7y 7 € @ x Q,k € Z. } is a collection of time
in which the hybrid cost minimization is converted to ade_pendent manifold subcomponents such that for the ordered

_ niza . a e ) . )
geometrical problem on the switching manifold and seconBa'rZ:l (p,q), iy is & smooth co~dI|€menS|o.n 1 submanifold
order necessary conditions for optimality are derived baséﬁkR , p0§sk|bly with boundaryi;, described locally by
on geometrical properties of the switching manifold. In thig"y = {?7 sy () = 0}. (See. [5] for detailed information
paper employing the results presented in [5] and [6], firstoncerning the family of manifold subcomponents.)
we define the energy of the switching manifold deformationd SWitching manifoldor guard m, , is the U”'Or; (over
and second we extend the hybrid cost function in order ) Of & set ~°}:_ switching manifold components,, , =
include the deformation energy. Necessary conditions for the, ;1 <i<n(x) Tp,- Henceforth, in this paper, the analysis
optimality of the switching state, switching time and thewill be assumed to be restricted to a single manifold sub-
deformation mapping are obtained at the end of the pape€omponent. . u
Al:  The initial state hy := (z(to),q) € H is such
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intersection. ] Theorem 1:([5]) Consider a hybrid system satisfying the
Definiton 2.x A hybrid system inputis a triple assumption®\0-A2above and define

I := (1,0, u) defined on a half open intervh, T'), T < oo, T
whereu € U and (r,0) is a hybrid switching sequence Ho(w,0,u, ) = A f"@)(i’ﬁ) +loq) (@, u),
(T,O’) = ((t0700)7(tlval)v(tQaUQ)v"')7t0 <t <y AER ’UEU’qu'
of pairs of switching times and discrete input events, o 2
oo = id,0; € X,7 > 1. Iy, denotes the set of inpuswith gy isching times along the optimal trajectory.

L switchings. The correspondirtybrid state trajectoryis  inajly assume that almost everywhere along an optimal

a triple (7, ¢, x) consisting ofr, an associated sequence Ofyaiactory the continuous state satisfies the controllability
discrete stateg = (qo, ¢1, g2, - - -), and a sequence condition given in [5]. Then:

() = (4(-), 2, (), 24, (), - . ) Of absolutely continuous (i) There exists a piecewise absolutely continuous adjoint

have L autonomous switchingd, < L at the

fUnCtionSIqj : [tj, tj+1) — R, | process Satisfying
Let_{lj}jeQalj € _Ck(Rn+1 x UiR.),k > 1 be a )\;’ = _ 24, (x°,0° N u®), uj €U ae., te(tjtjr1).
family of loss functions andh € C*(R"*}; Ry ),k > 1, a Ox

terminal cost satisfying the following.
A2 There existK; < oo and1 < v < oo such that (i) At the switching times the adjoint process and Hamil-
(2, u)] < Ki(1+ ||z]]),2 € R*' u e U,j € Q, and tonain function satisfy

similarly for (.). "N = A+ Vemign ) ), 1<j< L,
(4)
I1l. HYBRID SYSTEMSOPTIMAL CONTROL PROBLEMS N
H;(t:7)=H; t7)—p;Vim, s x(t;),t;), 1<75<L.
Consider the initial timeo, final time ¢, < oo, initial (2 ) = w1 ly) ~ aVemga(aliy) ) ! :
hybrid statehg = (qo, z0), and L < oco. Let ®)
51 = ((to,00), (t1,01), ..., (tL,0L)) be a hybrid switching (i) Along the optimal trajectory the Hamiltonian minimiza-
sequence and lel;, := (Sp,u),u € U, be a hybrid input tion condition is satisfied
trajectory subject toAO, Al whereL < L < oo, is the . . . . .
number of switchings. Subject %2, define thehybrid cost Hj(z°(t),0°(t), \j (1), u®(t)) < H;(z(t), 0°(t), A (t),v),
functionas YoeU, teltj,tit1),j€[0,1,,...,L]. (6)
- L tis ie.
J(t()atfth;ILvau) = / l 1(17 i(S),U(S))dS o o .0 o .0
; t; ¢ ¢ A T(t)fao(qo(t—))(xt ’ ut) + lo"’(qo(t—))(xt s ut) <
—l—h(IqL (tf)). (2) /\OT(t)fao(qo(t,))(xg, v) 4+ lao(qo(t,))(fﬂg, v), YveU.
n
~ The continuous dynamics of the hybrid system are spegtor simplicity of analysis we only consider the case of one
fied as follows: auonomous switching fromy, € Q to ¢ € Q, and so
) B I? = u) = (uy,ul,t); the extension to the general case
B, (8) = fo.(2q,(), u(t),  ae.t € [ti,tiv1), is straightforward but engenders significant complexity, see

(5].
IV. NECESSARYCONDITIONS FOROPTIMALITY

Here in this subsection we present the results of [8], and,
based upon these, formulate necessary conditions for optimal
Tappy (tig1) = limyy, g, (1), trg1 =ty <oo. (3) trajectories for autonomous hybrid systems consisting of two

_ _ “modes and one time invariant switching manifold. Recalling
Then the hybrid system optimal control (HSOC) problem ig2) e have

to find the infimum of.J(to,t¢, ho, I, L,U) i.€

U(t) eU C Ru,u() € Loo(U)7 hO = (QOVTO)a
i=0,1,....L,

’U(Ia t) - infueuJ(t()v tfv h’07 xts ’ tsv u)|ts:t,ztszz- (7)

This formulation displays the hybrid value function depen-

Assume thaf;, contains only autonomous switchings and leglence on the switching state and switching time on the

J°(to,t, ho) be the infimized cost function with infimizing switching manifoldM.

controlI¢ and trajectory(z®, ¢°) which are assumed to exist. Lemma 1:([7]) Let (z(t;),ts) = (z(t2),t2) be the opti-
The following theorem gives the Hybrid Maximum Princi- mal switching state and time subject to the hypotheses of the

ple in a restricted class of the cases treated in [5], specificall}SOC problem and the hypotheses of Theorem 1, then

the autonomous switchings case extended to the time varying . Ov(z,t)

guards case. (4) 5 l(z(t),t) = 0, (8)

']O(th tfa hOau) = ianLGZL,LSE'](t07tf7 h’Oija Eau)
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(i)

and hence

V()| w(t.) t0) LT (t) M, 9)

VI’U(Iat”(m(ts),ts) = :u_lNa (10)

x(ts) andp is a scalar.

[ |
We note the similarities between (9) and (4); the next Iemm‘%’

presents the actual relationship between them.

Lemma 2:([7]) For the HSOC problem defined in Theo-

rem 2 the following relations hold:

ov(x,t _
E% )|(m(ts>.,ts> = Hi(t;) — Ha(t]), (11)
Vau((ts), ts) = A2 (tS) = Ai(ty). (12)
[ |
The results of Lemma 1 and the chain rule imply
ov(z°,t°) o oy OT o
T—vmv(fﬂ ,t )awi, Z—l,...,n, (13)

wherew? is theith local coordinate of: on M. Using the
results above, the next theorem is proved:

Theorem 2:([7]) At the optimal switching state® on the
switching manifold, M, we have

L, = OO t) Or g Ox
k= 'u(?wi Ox? Owk i Pk
9z 9%v(x°,t°) Ox r Ox

S Mt a2 o g (14

where T;, T, € TpoM, i,k = 1,..,n and u is the

discontinuity
boundary condition at the switching time, aif}; is the
(i, k) entry of the second fundamental form matrix.bf at
x°, see (10) and (12).
[ |

This yields the following result:

Theorem 3:([7]) In the local coordinates of .. M, we
have

oxT Bgv(xo,to)ﬁ _ D*v(a°,t°)
owt  0x?  dwk  Qwidwk

— w Hg,
(15)
m

i,k=1,..,n.

parameter appearing in the adjoint proces

wheres; = [p!,...,n"] is the projection ontdl},..M of the
gradient of the value function with respect to the switching
state at the optimal switching state.

[ |

It should be mentioned here that all the results above are
where T, ;)M is the tangent space at the switching statealid only at the switching state which optimizes i.e. mini-

mizes the hybrid cost function on the switching manifold.

Example 1

Consider a hybrid system consisting of two modes with
the following dynamics:

il 0 1 0 X1 1
2 =10 0 1 z2 |+ | 1 | u(18)
i?g 1 0 0 I3 0
i?l 0 0 1 T 0

) is |=[1 00 o |+ 1 |u 29
ig 0 1 0 I3 1

for which the cost function and boundary conditions are
defined as:

1 10
[ w=00.0. @ =113
0

J==
2

The simulation is performed with respect to the following

switching manifold:

The vectorsl;, T}, appearing in the statement of Theorem

2 are as yet unspecified. The following lemma and theorem
give expressions for those vectors in a specific coordinate

system around the optimal switching state.

Lemma 3:([7]) The local componentst;;, 1,7 =
1,...,n, of the vector
- ox .
E:Ztl]%a 2217"1n7 (16)
j=1
in Theorem 2 are given by:
on' .
tl]:_,uawj7 Za]_la“'an7 (17)
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M = {(z1,22,23); a3 + 2235 — 23 = 4}, (20)
By direct calculation we have
Fig. 1. State Trajectory of Example 1

1 _

H— (0°%)
VI +422+1642) \ 0 —4
where at the optimal state we have
o | —04770 0

H" = [ 0 —0.9539 ] ’ (22)

By applying theGGAP-HMPalgorithm introduced in [8]
to the example above, the optimal switching time and state
are as follows:

2 =6.1900, 2° = [—1.1771,—0.8307, —1.23420], u = —27.8.

(23)
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(GGAP-HMP algorithm denotes th&seodesic-Gradient
Along Parameterization-Hybrid Maximum Principlalgo-
rithm whose convergence properties are proven in [8]). Tt
evolution of the state trajectory in the example is show
in Figure 1 and the Hessian of the value functionzatis
obtained by direct calculation as

2.8235 —1.5010 0.7973
= | —1.4993 4.5418 —1.4824 |. (24)
0.7987 —1.4827 2.8875

0%v(x°,t°)
Ox?

Employing Lemma 3 and then by solving a system o
differential equations introduced in [6] we get

T, =[16.0188,40.2344, —171.4023], (25)
T, = [-155.4266,207.9389, —325.0340].

Fig. 2. Switching Manifold Deformation

2°,t°)

InsertingT}, 7> and % in (14) we obtain

] = ~0.4458  —0.0521 ] o [ —0.4770 0 26) Thea local coordinatesaofr € M and F(z) € N are

i 0.0500 — 1.0430 0 —0.9539 | {(z7)}i=1,...m @and{(z,5 ) }a=1,...n, and so the push for-
ward of F' is given by

which (to two decimal places) is consistent with (22). The n N

lack of symmetry in (26) results from the lack of symmetry dFm((i.)) — Z(ai)(x)(i)’ i=1,...,m. (28)

in (24) which is due to the level of precision chosen in the o = o oy

numerical calculation. The spaceH om(T, M, T,y N), which is the space of all

linear maps from7, M to T, )N, is linearly isomorphic
to T,M* @ T,)N, see [3], and therefordF, is locally
In this section we introduce hybrid systems for whichlescribed by:
the total cost is the summa.tion. of the.cost defined. by dF, € Hom(TuM, TyyN) 2 ToM* @ TN,  (29)
(2) and the energy of the switching manifold deformation
mapping. As shown in [6], for a given switching manifold, where
it is in general possible to decrease the value function by mon & ,
a local perturbation around the nominal switching state dF, = Z Z(%I; )(z)(dz') @ (a;za)- (30)
In practice, changing the switching manifold may imposes i=1 a=1
an extra cost. Consider an automatic gear changing systdihe normg* onT,.M* andh on N induces an inner product
which changes at a certain speed. Changing the speed le@8lthe tensor product space given by
at which the switching happens requires a change in the . o , 0 g
mechanical structure of the gear box which may not be < d' @ (3—ya)=d$] ® (3—7/5) >=g“hap(F(z)), (31)
feasible or may make manufacture more expensive. here '
This motivates us to include an extra term in hybrid cost’
which corresponds to the cost deformations of switching g = [gij]*l, ,j=1,...,n. (32)
man?folds. This extra cost_ depends on the nature of “Employing (30) and (31), the norm GiF, is then defined
hybrid system and may differ from a system to another; follows:
We shall assign a positive cost for changing the nominél'j}S ° '
switching manifold) to a new switching manifold”(M).  |dF,|? < dFy,dF, >
Figure 2 provides a picture of such deformations in three mon. « 8
dimensional space. > 9”(w)haﬁ(F(ff))(%)(iﬂ)(%)(fﬂ)a
We now define an energy function for the mappiRg: Hhi=1a,f=1
M — N, F € C>™(M,N).Ingeneral we considéiM,g) and the mappingiF is defined as the following section
to be them dimensional domain Riemannian manifold with . _1
the corresponding Riemannian metgcand (V, k) to be dF e (I"M @ FT'TN), (33)
the n dimensional image Riemannian manifold with thewhere F~'TN is the induced tangent bundle ByandT is
corresponding Riemannian metiic The differential of the the cross section of the vector bundiéM @ F~TN.
mappingF' at pointx € M is defined to be the linear map The norm ofdF over the manifold) is written as
from T,,M to T, N given by: m.o n o B
; arP =Y 3 g GO), (@
dFy : TyM — Ty N. (27) ij=1a,f=1 v v

V. ENERGY OF SWITCHING MANIFOLD DEFORMATIONS
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whereh,g is the metric onV. The energy density of' is  wherel;_,y is the identity map from\/ to V. For a given
finally defined as F,, the hybrid value function for the cost™ is defined as:

1 _ Fy T
e(F)(z) = 5|dF|2(;c), xe M, @5) vt Fy) =infucu " (to,tp, In, LU o o b=,

xeM,te R, FeC>*(M,N). (42)
with the corresponding energy functional
Since the first two terms on the right hand side of (41) are

E(F) = / e(F)duyg, (36) computable separately, the value function defined by (42) can
M be split into two terms as follows:
where y, is Lebesgue measure defined by the Riemannian B 9
metric g;; on the manifoldM, see [3]. v(@,t, F) = vp(z,t) + |E(F) — EQu-n)Il", - (43)
The minimization of the energy functiafi with respectto  wherevp(z, ) is the value function of the hybrid system
a parametrized mapping may be analyzed using variationglthout considering the deformation cost. In order to be able

methods from the calculus of variations, [3]. to compute the sensitivity af(z, t, F}) at (z, ¢, F,) we use
Consider the followingvariation of F: the notion of the variationF;, introduced in (37) . The

FIxM—=N, I=(-cceR, er}zlltll(\)/\l,'\cl)g.ofv(:z:,t,Fs) with respect to(z, ¢, Fs) is given
F(2,0) = F(z) € N, AVx € M,F e C®(I x M,N). (37) @t ) _ v (et) | IEE) — Bl o,
We shall writeF; = F(.,s),s € (—¢,€). Harmonic maps or - or + or , (44)
are solutions to the differential equation: and similarly fort and s we have

d

< - ov(x,t,Fy) 0 t)  O||E(Fs)— E(I 2

S B(F)]s= = 0. @) Pt F) O wn) | AIEE) = Bl e

ot ot ot
Thetension fieldof F in the induced bundl&~1T N, in the

local coordinates of/ and N, 7(F) is written as (see [3]): dv(x,t, F,)  Ovp,(z,t) n O||E(Fs) — E(In—n)|? (46)
m 2 1o m o Os N Os 0s '
o i O°F w OF
TP = Y g (5riaa7 ~ Zrijw E(F,) does not depend on and¢ and so the second terms

hj=1 k=1 in (44) and (45) vanish; hence

- OFP OF
+ Fg (F)—z—)’ 0421,...,”, 8U(.§C,t,FS) _ 8UF5(I3t) _ 8U(FS(I)?t)
5,72:1 ! Ox* Oa? Ox ox OFs(x) W), (@47)

(39) wherev(Fs(x),t) is the hybrid value function based on the

wherel'%,, 2. are Christofel symbols defined ¢/, g) and ~ Switching timet, the switching state is such that(z) &
(N, h) respectively. The following results give an expressiOFF(M), and
for the harmonic maps from/ to N. ov(Fy(z),1) OF,(x

Theorem 4:([3]) Let F, = F(.,s) be theC variation éFi((fc)) =AT AT W) = 8:£ )a (48)
of F=F,: M — N, then °

d where W(x) is the Jacobian matrix of the coordinate
d—E(FS)|S:0 = —/ <Y,7(F) > du,, (40) changes.

o M By the results of Lemma 2, the first term on the right hand
whereY = L F,|,_, is a variation vector field of" and ~Side of Equation (46) is given by the following lemma:
7(F) is the tension field of". Lemma 4:For the extended hybrid cost function defined
m in(41), MFT(:” is given by

VI. EXTENDED HYBRID SYSTEMS Ovp(z,t) _ (A =AY (), (49)

Employing the notion of the energy of the mapping ds _ . ) o
between manifolds, we modify the cost function defined ifvhere (A" — A7) is the %(}J?Lr)‘t process discontinuity at
(2) to the following formula which includes the energy off'(z) € FI(M) andY (z) = =5 = |s=o.

the deformation of the nominal manifol®/ in the hybrid Proof: In the case of general Riemannian manifolds
cost, M and N, the sensitivity function defined in (44) is a linear
” map from the tangent space &f to R. By AQ, x € R"*!
JE (to, ty, I, L,U) := / & Ly (24, (5), u(s))ds + and so in our analysi&v = R"*!. Since by the definition
to (42),t andx are chosen independently ef we have
ty
|ttt s + O 0t) i, et ) = okt o)
s S S
h(wq,, (t5)) + |E(Faron) — EQu-n)|?, - (41) (50)
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where F(z) is the switching state o, (M ). Applying the
chain rule we have

ovp, (z,t) 8v(x,t,Fs(a:))| dFg(x) (51)
ds OF,(x) =" ds
Lemma 2 gives
6U($,t,FS(1’))|S:0 — )\+ _/\—7 (52)

OFs(x)

so (52) and the notatioll (z) = dF(;S(””) |s—o yield (49). m

(1]

(2]

(3]
(4]

(5]

We observe that Theorem 4 implies that the second term of

the right hand side of (46) is given by:
ONE(F,) — E(Iu-n)I1? _

ds

<Y, 7(F) > dug.

~B(F.) - Blly-w). [ (53)

M

Now if (z, t, Fy) corresponds to the minimum ofz, ¢, F)
then

ov(z,t, Fy) ov(z,t, Fy)
ARSIV oy, RR0T0 54
ox ot 0 (54)
and
ov(x,t, Fy
G ) (55)

Os

where (54) holds by Lemma 1.
Hence (55), Lemma 4 and Theorem 4 yield

0= 2B (b a )y ()
—Q(E(Fo) — E(IM_)N)) A4 < Y,T(Fo) > dug,

(56)
and consequently

AT =AY (z) = 2(E(F) - E(Iy-y))

></ <Y, 7(Fp) > dpg. (57)
M

We observe that equation (57) must be satisfied foroafl
variational vector fieldsY (.), the left hand side of (57) only

depends oY (.) at the optimak: and the right hand side of

(57) is independent aof.
Clearly AT — X\~ = 0,7(Fp) = 0, satisfy both (54) and

(6]

(7]

(8]

El

[10]

[11]

[12]

(55). Hence the necessary condition (57) for optimally with
respect to joint hybrid control and switching manifold per-

turbations is satisfied for the mappidg for which (M)
passes through the optimal controlled switching states,
At — A7~ = 0 (see [6]), andFy is a harmonic map, i.e.

7(Fy) = 0, (see [3]). Using the variational method it is

shown thatA™ — A= = 0 and 7(Fp) = 0 is the unique
solution for (57).
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