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Abstract— This paper provides a geometrical analysis of
autonomous hybrid optimal control systems (HOCS) by study-
ing the properties of switching manifolds in Euclidean space
and their associated optimal hybrid trajectories. Motivational
examples are to be found in the speed dependent operation of
automatic gear shift systems of heavy trucks [1]. In this paper
the mathematical formulation of a hybrid system is presented
and then the Hybrid Maximum Principle (HMP) necessary
conditions for the optimality of a hybrid system trajectory
are given, (see [6],[7]). Second order optimality conditions are
given in terms of the Hessian matrix of the value function
and geometrical data involving the curvature of the switching
manifold at its intersection with an optimal trajectory. At the
end, the energy of a switching manifold deformation mapping
is defined and the hybrid cost optimization is performed with
respect to such deformation mappings.

I. INTRODUCTION

The problem of hybrid systems optimal control (HSOC)
has been studied and analyzed in many papers, see e.g [2],
[4], [5], [9], [10], [11]. In particular, [5], [12] present an
extension of the Maximum Principle for hybrid systems
(HMP) and [5] presents an iterative algorithm which is
based upon the HMP necessary conditions for optimality.
That algorithm is based on a gradient search method for
finding the optimal switching state and time on the switching
manifold. The HMP algorithm presented in [5] is a general
method, implementable for both autonomous and controlled
hybrid systems. One important aspect of the optimal control
for autonomous hybrid systems is the cost minimization
problem with respect to the switching state on the switch-
ing manifold, see [5]. This problem is addressed in [6],
in which the hybrid cost minimization is converted to a
geometrical problem on the switching manifold and second
order necessary conditions for optimality are derived based
on geometrical properties of the switching manifold. In this
paper employing the results presented in [5] and [6], first
we define the energy of the switching manifold deformations
and second we extend the hybrid cost function in order to
include the deformation energy. Necessary conditions for the
optimality of the switching state, switching time and the
deformation mapping are obtained at the end of the paper.
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II. H YBRID SYSTEMS

The standard hybrid systems framework [2], [5], [9] is as
follows:

Definition 2.1: A hybrid systems is a six tuple

H := {H = Q×R
n+1,Γ,A, I = Σ× U,F,M} (1)

satisfying:
A0 : Q = {1, 2, 3, ..., |Q|} is the finite set ofdiscrete states.
H is thehybrid state spaceof H.
Γ : H × Σ → Q is the time independent (partially defined)
discrete transition map.
A : Q → 2Q is the set valued functionwhich for a state
q ∈ Q makes transition intoA(q) ⊂ Q underΓ.
Σ = Σu∪̇Σc∪̇{id} is a finite set of distinct autonomous (i.e.
uncontrolled) and controlleddiscrete event transition labels
extended with the identity element{id} such that fori ∈ Q,
σi,j ∈ Σ only if j ∈ A(i).
U ⊂ Ru is theset of admissible input control values, where
U is an open bounded set inRu. The set of admissible input
control functions isU := U(U,L∞[0, T∗)), the set of all
bounded measurable functions on some interval[0, T∗), T∗ ≤
∞, taking values inU .
I := Σ× U is theset of system input values.
F is theindexed collection of vector fields{fj}j∈Q such that
fj : Rn+1 × U → Rn+1 is a uniform Lipschitz vector field
assigned to each location.
We assume there existsKf < ∞ such thatmaxj∈Qsupu∈U

||fj(0, u)|| ≤ Kf , u ∈ U, j ∈ Q.
M := {m̃k

γ : γ ∈ Q × Q, k ∈ Z+} is a collection of time
dependent manifold subcomponents such that for the ordered
pair γ = (p, q), m̃k

γ is a smooth codimension 1 submanifold
of Rn+1, possibly with boundary∂m̃k

γ , described locally by
m̃k

γ = {x : m̃k
γ(x) = 0}. (See [5] for detailed information

concerning the family of manifold subcomponents.)
A switching manifoldor guard mp,q is the union (over
k) of a set of switching manifold componentsmk

p,q =
⋃

ki;1≤i≤n(k) m̃
ki
p,q. Henceforth, in this paper, the analysis

will be assumed to be restricted to a single manifold sub-
component.

A1: The initial state h0 := (x(t0), q0) ∈ H is such
thatmq0qj (x0) 6= 0 for all qj ∈ Q. It is assumed that for all
p, q, whenever a trajectory governed by the controlled vector
field fp meets any given guard manifoldmp,q transversally,
there is an admissble autonomous switching to the controlled
vector fieldfq, also transversal tomp,q and conversely any
admissble autonomous switching corresponds to a transversal
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intersection.
Definition 2.1: A hybrid system input is a triple

I := (τ, σ, u) defined on a half open interval[t0, T ), T ≤ ∞,
where u ∈ U and (τ, σ) is a hybrid switching sequence
(τ, σ) = ((t0, σ0), (t1, σ1), (t2, σ2), . . .), t0 < t1 <, · · · ,
of pairs of switching times and discrete input events,
σ0 = id, σi ∈ Σ, i ≥ 1. IL denotes the set of inputsI with
L switchings. The correspondinghybrid state trajectoryis
a triple (τ, q, x) consisting ofτ , an associated sequence of
discrete statesq = (q0, q1, q2, . . .), and a sequence
x(·) = (xq0(·), xq1 (·), xq2 (·), . . .) of absolutely continuous
functionsxqj : [tj , tj+1) → Rn+1.

Let {lj}j∈Q, lj ∈ Ck(Rn+1 × U;R+), k ≥ 1 be a
family of loss functions andh ∈ Ck(Rn+1;R+), k ≥ 1, a
terminal cost satisfying the following.
A2: There existKl < ∞ and 1 ≤ γ < ∞ such that
|lj(x, u)| ≤ Kl(1 + ||x||γ), x ∈ Rn+1, u ∈ U, j ∈ Q, and
similarly for h(.).

III. H YBRID SYSTEMSOPTIMAL CONTROL PROBLEMS

Consider the initial timet0, final time tf < ∞, initial
hybrid stateh0 = (q0, x0), andL̄ < ∞. Let
SL = ((t0, σ0), (t1, σ1), . . . , (tL, σL)) be a hybrid switching
sequence and letIL := (SL, u), u ∈ U , be a hybrid input
trajectory subject toA0, A1, whereL ≤ L̄ < ∞, is the
number of switchings. Subject toA2, define thehybrid cost
functionas

J(t0, tf , h0; IL, L̄,U) :=

L
∑

i=0

∫ ti+1

ti

lqi(xqi(s), u(s))ds

+h(xqL(tf )). (2)

The continuous dynamics of the hybrid system are speci-
fied as follows:

ẋqi(t) = fqi(xqi(t), u(t)), a.e. t ∈ [ti, ti+1),

u(t) ∈ U ⊂ Ru, u(.) ∈ L∞(U), h0 = (q0, x0),

i = 0, 1, . . . , L,

xqi+1
(ti+1) = limt→ti+1

xqi (t), tL+1 = tf < ∞. (3)

Then the hybrid system optimal control (HSOC) problem is
to find the infimum ofJ(t0, tf , h0, IL, L̄,U) i.e

Jo(t0, tf , h0,U) = infIL∈IL,L≤L̄J(t0, tf , h0, IL, L̄,U)

Assume thatIL contains only autonomous switchings and let
Jo(t0, tf , h0) be the infimized cost function with infimizing
controlIoL and trajectory(xo, qo) which are assumed to exist.

The following theorem gives the Hybrid Maximum Princi-
ple in a restricted class of the cases treated in [5], specifically
the autonomous switchings case extended to the time varying
guards case.

Theorem 1:([5]) Consider a hybrid system satisfying the
assumptionsA0-A2above and define

Hq(x, σ, u, λ) = λT fσ(q)(x, u) + lσ(q)(x, u),

λ ∈ Rn+1, u ∈ U, q ∈ Q.

Let IoL have L autonomous switchingsL ≤ L̄ at the
switching times along the optimal trajectory.
Finally, assume that almost everywhere along an optimal
trajectory the continuous statex satisfies the controllability
condition given in [5]. Then:
(i) There exists a piecewise absolutely continuous adjoint
process satisfying

λ̇o
j = −

∂Hj

∂x
(xo, σo, λ, uo), uo

t ∈ U a.e., t ∈ (tj , tj+1).

(ii) At the switching times the adjoint process and Hamil-
tonain function satisfy

λj(t
−
j ) = λj+1(t

+
j ) + pj∇xmj,j+1(x(tj), tj), 1 ≤ j ≤ L,

(4)

Hj(t
−
j ) = Hj+1(t

+
j )− pj∇tmj,j+1(x(tj), tj), 1 ≤ j ≤ L.

(5)

(iii) Along the optimal trajectory the Hamiltonian minimiza-
tion condition is satisfied

Hj(x
o(t), σo(t), λj(t), u

o(t)) ≤ Hj(x
o(t), σo(t), λj(t), v),

∀v ∈ U, t ∈ [tj , tj+1), j ∈ [0, 1, , ..., L]. (6)

i.e.

λoT (t)fσo(qo(t−))(x
o
t , u

o
t ) + lσo(qo(t−))(x

o
t , u

o
t ) ≤

λoT (t)fσo(qo(t−))(x
o
t , v) + lσo(qo(t−))(x

o
t , v), ∀v ∈ U.

For simplicity of analysis we only consider the case of one
autonomous switching fromq0 ∈ Q to q1 ∈ Q, and so
IoL ≡ uo

t ≡ (uo
1, u

o
2, t); the extension to the general case

is straightforward but engenders significant complexity, see
[5].

IV. N ECESSARYCONDITIONS FOROPTIMALITY

Here in this subsection we present the results of [8], and,
based upon these, formulate necessary conditions for optimal
trajectories for autonomous hybrid systems consisting of two
modes and one time invariant switching manifold. Recalling
(2), we have

v(x, t) = infu∈UJ(t0, tf , h0;xts , ts, u)|ts=t,xts=x. (7)

This formulation displays the hybrid value function depen-
dence on the switching state and switching time on the
switching manifoldM.

Lemma 1: ([7]) Let (x(ts), ts) = (x(tos), t
o
s) be the opti-

mal switching state and time subject to the hypotheses of the
HSOC problem and the hypotheses of Theorem 1, then

(i)
∂v(x, t)

∂t
|(x(ts),ts) = 0, (8)
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(ii) ∇xv(x, t)|(x(ts),ts)⊥Tx(ts)M, (9)

and hence

∇xv(x, t)|(x(ts),ts) = µ−1N, (10)

whereTx(ts)M is the tangent space at the switching state
x(ts) andµ is a scalar.

We note the similarities between (9) and (4); the next lemma
presents the actual relationship between them.

Lemma 2: ([7]) For the HSOC problem defined in Theo-
rem 2 the following relations hold:

∂v(x, t)

∂t
|(x(ts),ts) = H1(t

−
s )−H2(t

+
s ), (11)

∇xv(x(ts), ts) = λ2(t
+
s )− λ1(t

−
s ). (12)

The results of Lemma 1 and the chain rule imply

∂v(xo, to)

∂ωi
= ∇xv(x

o, to)
∂x

∂ωi
, i = 1, ..., n, (13)

whereωi is the ith local coordinate ofx on M. Using the
results above, the next theorem is proved:

Theorem 2:([7]) At the optimal switching statexo on the
switching manifold,M, we have

−Hik = µ
∂xT

∂ωi

∂2v(xo, to)

∂x2

∂x

∂ωk
+ T T

i

∂x

∂ωk

= µ
∂xT

∂ωk

∂2v(xo, to)

∂x2

∂x

∂ωi
+ T T

k

∂x

∂ωi
, (14)

where Ti, Tk ∈ TxoM, i, k = 1, ..., n and µ is the
discontinuity parameter appearing in the adjoint process
boundary condition at the switching time, andHik is the
(i, k) entry of the second fundamental form matrix ofM at
xo, see (10) and (12).

This yields the following result:
Theorem 3: ([7]) In the local coordinates ofTxoM, we

have

∂xT

∂ωi

∂2v(xo, to)

∂x2

∂x

∂ωk
=

∂2v(xo, to)

∂ωi∂ωk
− µ−1Hik,

i, k = 1, ..., n. (15)

The vectorsTi, Tk appearing in the statement of Theorem
2 are as yet unspecified. The following lemma and theorem
give expressions for those vectors in a specific coordinate
system around the optimal switching state.

Lemma 3: ([7]) The local components,tij , i, j =
1, ..., n, of the vector

Ti =

n
∑

j=1

tij
∂x

∂ωj
, i = 1, .., n, (16)

in Theorem 2 are given by:

tij = −µ
∂ηi

∂ωj
, i, j = 1, ..., n, (17)

where η̄ = [η1, ..., ηn] is the projection ontoTxoM of the
gradient of the value function with respect to the switching
state at the optimal switching state.

It should be mentioned here that all the results above are
valid only at the switching state which optimizes i.e. mini-
mizes the hybrid cost function on the switching manifold.

A. Example 1

Consider a hybrid system consisting of two modes with
the following dynamics:

S1





ẋ1

ẋ2

ẋ3



 =





0 1 0
0 0 1
1 0 0









x1

x2

x3



+





1
1
0



 u (18)

S2





ẋ1

ẋ2

ẋ3



 =





0 0 1
1 0 0
0 1 0









x1

x2

x3



+





0
1
1



 u, (19)

for which the cost function and boundary conditions are
defined as:

J =
1

2

∫ 10

0

u2(t)dt, x0 = (0, 0, 0), xf = (4, 1, 3).

The simulation is performed with respect to the following
switching manifold:

M = {(x1, x2, x3); x2
1 + 2x2

2 − x3 = 4}, (20)

By direct calculation we have

−3

−2

−1

0

1

2

3

4 −3
−2

−1
0

1
2

3

−4

−2

0

2

4

6

8

10

x
f

x
0

Fig. 1. State Trajectory of Example 1

H =
1

√

(1 + 4x2 + 16y2)

(

−2 0
0 − 4

)

, (21)

where at the optimal state we have

Ho =

[

−0.4770 0
0 − 0.9539

]

. (22)

By applying theGGAP-HMPalgorithm introduced in [8]
to the example above, the optimal switching time and state
are as follows:

to = 6.1900, xo = [−1.1771,−0.8307,−1.23420], µ= −27.8.

(23)
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(GGAP-HMP algorithm denotes theGeodesic-Gradient
Along Parameterization-Hybrid Maximum Principlealgo-
rithm whose convergence properties are proven in [8]). The
evolution of the state trajectory in the example is shown
in Figure 1 and the Hessian of the value function atxo is
obtained by direct calculation as

∂2v(xo, to)

∂x2
=





2.8235 − 1.5010 0.7973
−1.4993 4.5418 − 1.4824
0.7987 − 1.4827 2.8875



 . (24)

Employing Lemma 3 and then by solving a system of
differential equations introduced in [6] we get

T1 = [16.0188, 40.2344,−171.4023], (25)

T2 = [−155.4266, 207.9389,−325.0340].

InsertingT1, T2 and ∂2v(xo,to)
∂x2 in (14) we obtain

[Hij ] =

[

−0.4458 − 0.0521
0.0500 − 1.0430

]

∼=

[

−0.4770 0
0 − 0.9539

]

, (26)

which (to two decimal places) is consistent with (22). The
lack of symmetry in (26) results from the lack of symmetry
in (24) which is due to the level of precision chosen in the
numerical calculation.

V. ENERGY OFSWITCHING MANIFOLD DEFORMATIONS

In this section we introduce hybrid systems for which
the total cost is the summation of the cost defined by
(2) and the energy of the switching manifold deformation
mapping. As shown in [6], for a given switching manifold,
it is in general possible to decrease the value function by
a local perturbation around the nominal switching statexo.
In practice, changing the switching manifold may imposes
an extra cost. Consider an automatic gear changing system
which changes at a certain speed. Changing the speed level
at which the switching happens requires a change in the
mechanical structure of the gear box which may not be
feasible or may make manufacture more expensive.

This motivates us to include an extra term in hybrid cost
which corresponds to the cost deformations of switching
manifolds. This extra cost depends on the nature of the
hybrid system and may differ from a system to another.
We shall assign a positive cost for changing the nominal
switching manifoldM to a new switching manifoldF (M).
Figure 2 provides a picture of such deformations in three
dimensional space.

We now define an energy function for the mappingF :
M → N, F ∈ C∞(M,N). In general we consider(M, g)
to be them dimensional domain Riemannian manifold with
the corresponding Riemannian metricg and (N, h) to be
the n dimensional image Riemannian manifold with the
corresponding Riemannian metrich. The differential of the
mappingF at pointx ∈ M is defined to be the linear map
from TxM to Tu(x)N given by:

dFx : TxM → Tu(x)N. (27)

−4

−2

0

2

4

6

8

10

12

−4−2024681012

−2.5

−2

−1.5

−1

−0.5

0

F:M→ Rn+1

M⊂  Rn+1

F(M)⊂ R n+1

Fig. 2. Switching Manifold Deformation

The local coordinates ofx ∈ M and F (x) ∈ N are
{( ∂

∂xi )}i=1,...,m and {( ∂
∂yα )}α=1,...,n, and so the push for-

ward ofF is given by

dFx((
∂

∂xi
)) =

n
∑

α=1

(
∂Fα

∂xi
)(x)(

∂

∂yα
), i = 1, ...,m. (28)

The spaceHom(TxM,Tu(x)N), which is the space of all
linear maps fromTxM to Tu(x)N , is linearly isomorphic
to TxM

∗ ⊗ Tu(x)N , see [3], and thereforedFx is locally
described by:

dFx ∈ Hom(TxM,Tu(x)N) ∼= TxM
∗ ⊗ Tu(x)N, (29)

where

dFx =

m
∑

i=1

n
∑

α=1

(
∂Fα

∂xi
)(x)(dxi)⊗ (

∂

∂yα
). (30)

The normg∗ onTxM
∗ andh onN induces an inner product

on the tensor product space given by

< dxi ⊗ (
∂

∂yα
), dxj ⊗ (

∂

∂yβ
) >= gijhαβ(F (x)), (31)

where

g∗ = [gij ]
−1, i, j = 1, ..., n. (32)

Employing (30) and (31), the norm ofdFx is then defined
as follows:

|dFx|
2 = < dFx, dFx >

=

m
∑

i,j=1

n
∑

α,β=1

gij(x)hαβ(F (x))(
∂Fα

∂xi
)(x)(

∂F β

∂xj
)(x),

and the mappingdF is defined as the following section

dF ∈ Γ(T ∗M ⊗ F−1TN), (33)

whereF−1TN is the induced tangent bundle byF andΓ is
the cross section of the vector bundleT ∗M ⊗ F−1TN .

The norm ofdF over the manifoldM is written as

|dF |2 =
m
∑

i,j=1

n
∑

α,β=1

gijhαβ(F )(
∂Fα

∂xi
)(
∂F β

∂xj
), (34)
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wherehαβ is the metric onN . The energy density ofF is
finally defined as

e(F )(x) =
1

2
|dF |2(x), x ∈ M, (35)

with the corresponding energy functional

E(F ) =

∫

M

e(F )dµg, (36)

whereµg is Lebesgue measure defined by the Riemannian
metric gij on the manifoldM , see [3].

The minimization of the energy functionE with respect to
a parametrized mapping may be analyzed using variational
methods from the calculus of variations, [3].

Consider the followingvariation of F :

F̂ : I ×M → N, I = (−ǫ, ǫ) ∈ R,

F̂ (x, 0) = F (x) ∈ N, ∀x ∈ M, F̂ ∈ C∞(I ×M,N). (37)

We shall writeFs = F̂ (., s), s ∈ (−ǫ, ǫ). Harmonic maps
are solutions to the differential equation:

d

ds
E(Fs)|s=0 = 0. (38)

The tension fieldof F in the induced bundleF−1TN , in the
local coordinates ofM andN , τ(F ) is written as (see [3]):

τ(F )α =

m
∑

i,j=1

gij(
∂2Fα

∂xi∂xj
−

m
∑

k=1

Γk
ij

∂Fα

∂xk

+
n
∑

β,γ=1

Γα
βγ(F )

∂F β

∂xi

∂F γ

∂xj
), α = 1, ..., n,

(39)

whereΓk
ij ,Γ

α
βγ are Christofel symbols defined on(M, g) and

(N, h) respectively. The following results give an expression
for the harmonic maps fromM to N .

Theorem 4:([3]) Let Fs = F̂ (., s) be theC∞ variation
of F = F0 : M → N , then

d

ds
E(Fs)|s=0 = −

∫

M

< Y, τ(F ) > dµg, (40)

whereY = d
ds
Fs|s=0 is a variation vector field ofF and

τ(F ) is the tension field ofF .

VI. EXTENDED HYBRID SYSTEMS

Employing the notion of the energy of the mapping
between manifolds, we modify the cost function defined in
(2) to the following formula which includes the energy of
the deformation of the nominal manifoldM in the hybrid
cost,

JF (t0, tf , IL, L̄,U) :=

∫ ts

t0

lq1(xq1 (s), u(s))ds+

∫ tf

ts

lq2(xq2 (s), u(s))ds+

h(xqL(tf )) + ||E(FM→N )− E(IM→N )||2, (41)

whereIM→N is the identity map fromM to N . For a given
Fs, the hybrid value function for the costJFs is defined as:

v(x, t, Fs) = infu∈UJ
Fs(t0, tf , IL, L̄,U)|xs=x,ts=t,

x ∈ M, t ∈ R,F ∈ C∞(M,N). (42)

Since the first two terms on the right hand side of (41) are
computable separately, the value function defined by (42) can
be split into two terms as follows:

v(x, t, F ) = vF (x, t) + ||E(Fs)− E(IM→N )||2, (43)

wherevF (x, t) is the value function of the hybrid system
without considering the deformation cost. In order to be able
to compute the sensitivity ofv(x, t, Fs) at (x, t, Fs) we use
the notion of the variation,Fs, introduced in (37) . The
sensitivity of v(x, t, Fs) with respect to(x, t, Fs) is given
as follows:

∂v(x, t, Fs)

∂x
=

∂vFs
(x, t)

∂x
+

∂||E(Fs)− E(IM→N )||2

∂x
, (44)

and similarly fort ands we have

∂v(x, t, Fs)

∂t
=

∂vFs
(x, t)

∂t
+

∂||E(Fs)− E(IM→N )||2

∂t
, (45)

∂v(x, t, Fs)

∂s
=

∂vFs
(x, t)

∂s
+

∂||E(Fs)− E(IM→N )||2

∂s
. (46)

E(Fs) does not depend onx andt and so the second terms
in (44) and (45) vanish; hence

∂v(x, t, Fs)

∂x
=

∂vFs
(x, t)

∂x
=

∂v(Fs(x), t)

∂Fs(x)
W (x), (47)

wherev(Fs(x), t) is the hybrid value function based on the
switching timet, the switching state is such thatFs(x) ∈
F (M), and

∂v(Fs(x), t)

∂Fs(x)
= λ+ − λ−, W (x) :=

∂Fs(x)

∂x
, (48)

where W (x) is the Jacobian matrix of the coordinate
changes.

By the results of Lemma 2, the first term on the right hand
side of Equation (46) is given by the following lemma:

Lemma 4:For the extended hybrid cost function defined
in (41), ∂vF (x,t)

∂s
is given by

∂vF (x, t)

∂s
= (λ+ − λ−)Y (x), (49)

where (λ+ − λ−) is the adjoint process discontinuity at
F (x) ∈ F (M) andY (x) = dFs(x)

ds
|s=0.

Proof: In the case of general Riemannian manifolds
M andN , the sensitivity function defined in (44) is a linear
map from the tangent space ofM to R. By A0, x ∈ Rn+1

and so in our analysisN = Rn+1. Since by the definition
(42), t andx are chosen independently ofs, we have

∂vFs
(x, t)

∂s
|s=0 = lims→0

v(x, t, Fs(x))− v(x, t, F0(x))

s
,

(50)
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whereFs(x) is the switching state onFs(M). Applying the
chain rule we have

∂vFs
(x, t)

∂s
=

∂v(x, t, Fs(x))

∂Fs(x)
|s=0.

dFs(x)

ds
. (51)

Lemma 2 gives

∂v(x, t, Fs(x))

∂Fs(x)
|s=0 = λ+ − λ−, (52)

so (52) and the notationY (x) = dFs(x)
ds

|s=0 yield (49).
We observe that Theorem 4 implies that the second term of
the right hand side of (46) is given by:

∂||E(Fs)− E(IM→N )||2

∂s
=

−2(E(Fs)− E(IM→N )).

∫

M

< Y, τ(F ) > dµg. (53)

Now if (x, t, F0) corresponds to the minimum ofv(x, t, F )
then

∂v(x, t, F0)

∂x
⊥TxM,

∂v(x, t, F0)

∂t
= 0, (54)

and

∂v(x, t, Fs)

∂s
|s=0 = 0, (55)

where (54) holds by Lemma 1.
Hence (55), Lemma 4 and Theorem 4 yield

0 =
∂v(x, t, Fs)

∂s
|s=0 = (λ+ − λ−).Y (x)

−2(E(F0)− E(IM→N )).

∫

M

< Y, τ(F0) > dµg,

(56)

and consequently

(λ+ − λ−).Y (x) = 2(E(F0)− E(IM→N ))

×

∫

M

< Y, τ(F0) > dµg. (57)

We observe that equation (57) must be satisfied for allC∞

variational vector fieldsY (.), the left hand side of (57) only
depends onY (.) at the optimalx and the right hand side of
(57) is independent ofx.

Clearly λ+ − λ− = 0, τ(F0) = 0, satisfy both (54) and
(55). Hence the necessary condition (57) for optimally with
respect to joint hybrid control and switching manifold per-
turbations is satisfied for the mappingF0 for which F0(M)
passes through the optimal controlled switching states, i.e
λ+ − λ− = 0 (see [6]), andF0 is a harmonic map, i.e.
τ(F0) = 0, (see [3]). Using the variational method it is
shown thatλ+ − λ− = 0 and τ(F0) = 0 is the unique
solution for (57).
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